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Abstract
Let M be a closed (connected) smooth manifold and G be a Lie group. Denote by R0(pi1M,G)
the space of all representations φ :pi1(M)→G such that A= image(φ) is a discrete and torsion-free
subgroup of G. We show that an open subspace of R0(pi1M,G) consists of all those φ which are
determined by a fibre bundle projection p :M→A\G/K . Here K is a maximal compact subgroup
of G and “determined by p” means that φ = p#. (There are some restrictions on G for our proof to
work.) This generalizes a well-known result of Tischler which covers the case where G= R. In his
situation the double coset space A\G/K is always the circle. Ó 1999 Elsevier Science B.V. All rights
reserved.
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0. Notation and statement of results
Let G be a Lie group with finitely many connected components and let Γ be a finitely
generated (discrete) group. The set of all representations of Γ into G is denoted by
R(Γ,G). It inherits a topology as a subspace of the function space GΓ where GΓ is
given the topology of pointwise convergence. The subspace R0(Γ,G) consists of all
φ ∈R(Γ,G) such that φ(Γ ) is a discrete and torsion-free subgroup of G.
Let K be a maximal compact subgroup of G and recall that the coset space G/K is
diffeomorphic to Rn for some integer n. (Note that n = 0 if and only if G is compact.)
Let M˜ → M be the universal cover of a closed connected smooth manifold M whose
group of deck transformations is Γ ; i.e., pi1(M) = Γ . Let Rs(Γ,G;M) be the subspace
consisting of those φ ∈ R(Γ,G) which are represented by submersions; i.e., such that
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there exists a φ-equivariant C1 submersion f : M˜→ G/K . And let R1(Γ,G;M) be the
subspace consisting of those φ ∈ R(Γ,G) which are represented by smooth fibrations; i.e.,
such that there exists a smooth fibre bundle projection q :M→ N where N is the double
coset space
N = φ(Γ )\G/K
and so that
q# :pi1(M)→ pi1(N)
is φ. There is the following relationship between these three subspaces of R(Γ,G):
R1(Γ,G;M)=Rs(Γ,G;M)∩R0(Γ,G). (1)
This equation is a direct consequence of the above definitions and the following two facts:
(1) A C1 submersion between closed smooth manifolds can be C1 approximated by a
smooth submersion.
(2) A submersion between closed manifolds is a fibre bundle projection.
We now state our results.
Theorem. Suppose thatG is a subgroup with finite index in a real linear algebraic group.
Then Rs(Γ,G;M) is an open subset of R(Γ,M).
The following assertion is an immediate consequence of theorem and Eq. (1).
Corollary. Under the same assumption on G as in theorem, R1(Γ,G;M) is an open
subset of R0(Γ,G).
Remark 1. The assumption about G made in theorem and corollary is in particular
satisfied in each of the following three cases:
(1) G is a connected semi-simple linear Lie group.
(2) G is the connected component containing the identity element of the full isometry
group of a nonpositively curved, simply connected, Riemannian symmetric space.
(3) G is a simply connected nilpotent Lie group.
Remark 2. This paper is motivated by Tischler’s results in [4] from which theorem and
corollary can be easily deduced in the special case where G = R. Recent results of Bieri
and Geoghegan on finiteness properties and CAT(0) spaces also stimulated the author’s
interest in this problem; cf. [1].
Remark 3. The argument in Section 1 proving theorem is an outgrowth of Raghunathan’s
argument for a result of Weil; cf. [3, proof of Theorem 6.19].
Remark 4. The reader may find it helpful to familiarize himself with the example given
in Section 2 before reading the proof of theorem given in Section 1.
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1. Proof of theorem
Let H be the algebraic group posited in theorem to containG. It is also a Lie group and
Rs(Γ,G;M)=Rs(Γ,H ;M)∩R(Γ,G)
which is easily deduced from the fact that there is a maximal compact subgroup K in H
with
K =K ∩G.
Hence we may as well assume in proving theorem that G = H ; i.e., we assume for the
rest of this proof that G is a real linear algebraic group. Consequently, R(Γ,G) is a real
algebraic subset of Gn =G×G× · · · ×G (n-factor) where n is the number of elements
in a (fixed) finite generating set for Γ ; cf. [3, Chapter VI].
We proceed via proof by contradiction assuming that theorem is false; hence we can
(and do) fix a representation φ ∈Rs(Γ,G;M) which is not an interior point.
Lemma. There is a curve σ : [0,1]→R(Γ,G) with the following properties:
(1) σ is a C1 arc in Gn.
(2) σ(0)= φ.
(3) There is a decreasing sequence of positive real numbers ti converging to 0 and such
that σ(ti) /∈ Rs(Γ,G;M) for all i ∈ Z+.
The proof of lemma uses the following calculus fact whose verification is a pleasant
exercise.
Fact. Let A ⊆ Rm be a set having 0 as a limit point. Then there exists a C1 arc
α : [0,1]→ Rm with α(0)= 0 and a decreasing sequence ti ∈ (0,1] converging to 0 such
that α(ti ) ∈A for all i ∈ Z+.
Proof of lemma. Apply Hironaka’s resolution of singularities theorem to R(Γ,G); cf. [2].
It produces a smooth manifold N and a proper smooth map q :N →Gn whose image is
R(Γ,G). Define a subset A of N by
A= q−1(R(Γ,G)−Rs(Γ,G;M)).
Since q is proper, there is a point x ∈N with the following two properties:
(1) q(x)= φ.
(2) x is a limit point of A.
Smoothly identify Rm (m= dim N ) with an open neighborhood of x so that 0 corresponds
to x , and letA=A∩U . Let α : [0,1]→ U be the C1 arc given by Fact in this setting. Then
the composition σ = q ◦ α clearly satisfies the properties posited for σ in lemma. 2
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Continuing with the proof of theorem, use the arc σ given in lemma to construct a fibre
bundle
p :E→M × [0,1]
as follows. Form E as the quotient space of M˜ × ([0,1]×G/K) via the diagonal action of
Γ where Γ acts on [0,1] ×G/K by the formula
γ · (t, gK)= (t, σt (γ )gK).
Here σt ∈ R(Γ,G) denotes the value of σ at t ∈ [0,1], γ ∈ Γ and g ∈G. Since σ is C1,
E is a C1-manifold. The map p is induced by projection onto the first two factors in the
product M˜ × [0,1] ×G/K . It is a C1-bundle projection with fibre C1-diffeomorphic to
G/K .
Let J ⊆ [0,1] be a subinterval (perhaps only a point). Then a cross-section c to p over
M × J can be identified with a continuously varying 1-parameter family, t ∈ J , of σt -
equivariant maps ft : M˜→G/K; i.e.,
ft (γ x)= σt (γ )ft (x)
for all γ ∈ Γ , t ∈ J and x ∈ M˜ . The correspondence is determined by lifting the cross-
section c to a cross-section c˜ in the pullback square





Note that the correspondence is uniquely determined once ft0 is specified for an “initial
point” t0 ∈ J . Also c is a C1-map if and only if {ft } is a C1-family; i.e.,
(x, t) 7→ ft (x)
is a C1-map from M˜ × J →G/K .
Since φ ∈ Rs(Γ,G;M), we have a C1 submersion f : M˜ → G/K representing φ;
therefore,
f (γ x)= σ0(γ )f (x)
for all γ ∈ Γ , x ∈ M˜ . Hence f determines a C1 cross-section c0 to p :E→M×[0,1] over
M × 0. But c0 extends to a C1 cross-section c over all of M × [0,1]. Let {ft | t ∈ [0,1]}
be the C1 1-parameter family of σt -equivariant maps uniquely determined by c and the
requirement that f0 = f . The fact that the action of Γ on M˜ is cocompact can be used
to show that there exists an ε > 0 such that ft is also a submersion for all t 6 ε. Hence
σ(ti) ∈ Rs(Γ,G;M) for all i sufficiently large. This contradiction proves theorem.
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2. An example
We illustrate in this section theorem and corollary with an example. Let G be the
Heisenberg group which consists of all upper triangular 3× 3 matrices with real number
entries and diagonal entries all equal to 1. Note that the only compact subgroup of G is
the trivial group; in particular, K is the trivial group. It is obvious that G is a real linear
algebraic group. Let Γ0 denote its integral points; i.e.,
Γ0 =G∩GL3(Z).
Set Γ = Γ0×Z where Z denotes the addictive group of integers in R. Then Γ is a discrete,
torsion-free, cocompact subgroup ofG×R. LetM = Γ \(G×R)which is a closed smooth
4-manifold and M˜ =G×R. Identify R3 with G (as smooth manifolds but not as groups)
by corresponding (x, y, z) ∈R3 with the matrix1 x z0 1 y
0 0 1
 .
Then Γ0 ⊆G corresponds to Z3 ⊆ R3 and Γ ⊆G×R corresponds to Z3 × Z⊆ R3 ×R.
For each t ∈ [0,1], define a smooth submersion ft : M˜→G by the formula
ft (x, y, z;w)= (x, y, z+ tw).
Let σt :Γ →G be ft restricted to Γ . (Recall that M˜ = R3 ×R and Γ = Z3 × Z as sets.)
Since each ft :G× R→ G is a Lie group homomorphism, both each σt ∈ R(Γ,G) and
each ft is σt -equivariant. Consequently each σt ∈ Rs(Γ,G;M). (Note that σ : [0,1] →
R(Γ,G) is clearly a continuous arc.) Also note that σt (Γ ) is discrete in G if and only
if t is a rational number. Therefore, by Eq. (1), σt is represented by a smooth fibration
precisely when t is rational. In fact, σ0 is represented by projection onto the first factor in
the product decomposition M = (Γ0\G)× S1 where S1 denotes the circle. Also, for each
integerm> 2, σ1/m is represented by a fibre bundle
S1→M→ Γm\G
with S1 for fibre and Γm = σ1/m(Γ ). Notice finally that all these fibre bundles have
different base spaces since their fundamental groups Γm are all different (and different
from Γ0). To see this, observe that
Center(Γm)/[Γm,Γm]
is cyclic of order m when m> 2 and trivial when m= 0.
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